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A certain analog of the Liapunov second method is constructed for dynamic sys-
tems with cylindrical phase space. The known results obtained by it for second
order dynamic systems are extended to systems with cylindrical phase space of
arbitrary dimensions. The derived theorems are used for analyzing the operation
of a system of two synchronous machines and for investigating the automatic phase
frequency as a "whole”,

The working modes of systems of automatic phase frequency control (APFC) are usu-~
ally such that the phase difference s (1) between the reference generator that is being
synchronized is a bounded function of time ¢ & (0, + o). It is often possible to establish
on the basis of boundedness of o (¢) that for ¢— - oo there exists a finite limit of s (#)
for autononmous APFC systems [1, 2]. The presence of such limit means that the con~
sidered working mode of the APFC is one of capture [1]. Similar statements are also va-
lid for working modes of synchronous motors, except that then the phase difference bet-
ween the rotating magnetic field and the rotor is represented by function o (z) [3—6].

A certain analog of the Liapunov second method is derived below, which makes it pos-
sible to obtain effective sufficient conditions of boundedness or unboundedness for function
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s (¢).The problem of boundedness of function ¢ (#) is reduced by that. method to a simul-
taneous construction of some function of the Liapunov kind and to resolving the question
of boundedness of all solutions of some second order differential equations of the form

0"+ R®OF 70 =0 (0.1

where R (8) and f(B8) are some 2x-periodic functions ., We note in connection with
this that Eq. (0. 1) has been thoroughly investigated for many important classes of func-
tions R (0) and f (6) , particularly with respect to the boundedness of solutions of Eq,
(0. 1) for R (8) = const. Numerous results of investigations of Eq. (0. 1) and a list of
works dealing with this subject are given in the monographs [1, 7].

1. We introduce in the analysis continuous functions f (0), % (0) and v (0) that
are specified for 0 € (— oo, - oo),continuous functions W (f) and 1 (f) deter-
mined for ¢ > 0, and the continuously differentiable function ¢ (t). In what follows
we assume that the inequalities u () >> 0 and v (0) > O are satisfied for all g .

We further assume that function f (o) satisfies condition A, if it is continuously dif-
ferentiable, 2n-periodic,has zeros, and if the inequality f* (6) 5= O holds for any ©
that satisfies the condition f (g) = 0.

Theorem 1. Letthe 25 -periodic functions u (o) and v (0) be continuously dif-
ferentiable, function f (o) satisfies condition A, and let the following requirements be
also satisfied:

1) all solutions 0 (£) of the second order differential equation

0" +2Vu(®) v(®)8 +f(6) =0
are bounded in the interval (0, -+o0);

2) the inequality W (£) > 0 is satisfied for all ¢ >> 0 for which f (c(®)) =0
and f" (o (t)) < 0,and

3) function .

W (t) + ﬁ [2u (s (V) W (¥) + v (s (1) (5" (*)* + /(3 (1)) &" ()] dv

is a nonincreasing function of #. Function ¢ (t) is then bounded in the interval (0,+00).
Proof. It is shown in [7] that when Condition (1) of the theorem is satisfied for any
integral k,there exists a differentiable function Fj (0) that satisfies the following re-

lationships: () F,* (0) + 2V % (0) v (0) Fx (0) + f (6) = O (L1
Vo & (—oo, +o0)
Fi(op— 2kn) =0, lim Fy(c)? = o0, Fy(o)=F,(c+ 2kx)

where g, is some zero of function f (0) in the interval [0, 2x], and f (0p) < 0. Let
us now examine function

Va(@® = W) — Y, Fy (o (2))?
From the first of equalities (1. 1) we obtain
(') + uFyd + FuFys + fo" >uFy — W] [f + FFe® =
[— 4] [FyFx + 2V uv Fy+ {1 1FxFx —2Vuv Fi+f1=0

where u, », f and Fj are functions of ¢ (£) . This and Condition (3) of the theorem
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imply that function 1
Vi) +2 [u @) Vi de (1.2)
0

is also a nonincreasing function of #. But then it follows from the inequality ¥ (0) <C
Othat Vy (£) <O forall £ >0,

In fact, if the opposite, i.e, the existence of a number # > 0 for which Vi (4) > 0,
is assumed, then, owing to the continuity of function Vi () and condition vV, (0) <0,
we obtain that for ¢ € (#;, ) there exists a number ¢, & [0, &) such that Vi () = 0
and Vy (¢) > 0. But by virtue of the no-growth of function (1. 2) the inequality

ty
V, (1) — Vi (12) + 2 S u (3 (1) V, (1) dT <O
ts
is satisfied. Hence Vi (#) < Vi (8,) = 0, which contradicts the assumption that Vi (&) >
0. This contradiction proves that the estimate Vj (0) <{ 0 follows from the inequality
Ve () <0 forall t > 0.
It follows from the last two equations in (1. 1) that the inequalities

Va0 <0, V(0 <0, [6(0) — 05| < 2kn (1.3)

are satisfied for reasonably high values of % .
Let us now take % such that inequalities (1. 3) are satisfied. But then, as was shown

above, Vi) <0, Vi@ <0, V>0 (1.4

o) — o, | < 2k, Vt>0 (1.9
Assuming the opposite, i, e, that there exists a number #, > 0 for which inequality
(1. 5) is not satisfied, then from the continuity of function o (f) we obtain that there
exists a number ¢, & [0, t,),for which | o (£,) — 0, | = 2k=x. But then f (0 (£,)) =
0, ' (0 (2,)) <C 0,and either F), (0 (t2)) = 0 or F_; (0 (8,)) = 0. It follows from
this and inequalities (1,4) that W (¢,) < 0. This estimate and the relationships
f(o (t)) = 0 and f (o (£,)) < O contradict Condition (2) of the theorem, This
proves the validity of (1,5), and means that function o (¢) is bounded in the interval
(0, o).
Theorem 2, Letus assume the existence of a continuously differentiable function
F (o) for which the following conditions are satisfied.
1) F(0)>0, Voe(—oo, + o) and
2) F(F (6)+V2v(0)a(@F(6) +7(0) =0, Vo (-, +x)
Let also
Y W)+ v(o o ()2 >0, vix>0
4) the inequality ¥ (£) < f (0 (2)) is satisfied for all ¢z > O for whicho (£)>0;
5) function

Let us prove that

t
W@+ [ 120Gy W@ —$(1)e (@]de
0

is a nonincreasing function of ¢, and
6) the inequalities 0" (0) >> 0 and 2W (0) < —F (0 (0)) 2 are satisfied.

Then the inequality . -
o (1) > F (s 1))y 20 (0 () (1.6)
is satisfied forall ¢ >0 .
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Proof. Let us consider function
Vi)=W({t) + Y.F (o (1)?

Condition (6) of the theorem implies that V (0) <C 0. Let us further assume that
V()< 0for te [0, T).Then

W@ + v () < —"F + 0@ 1€]0, 7]

and according to Condition (3) of the theorem F? < 2v (07)%. This and Condition (6)
for t [0, T] yield the estimate (1.6), But then from Condition (4) we obtain the

inequality . .

YOOI (@@ @) -3, teloT (LD
where § (t) is some continuous positive function. Then for ¢ & [0, T} from Condition
(2) and estimate (1, 6) we obtain the relationship

uF? + [f + FF'l o W20l  FIFF' 4+ YV 2uF +f] =0
This with inequality (1,7) and Condition (5) of the theorem implies that

t
V(O + [ 2eGEV @+ de (1.8)
0

is a nonincreasing function of ¢ in the interval [0, T].
Let us now assume that V (T) = O and select the interval (T, T) so small that

f 7., T
ort& (n D 8(8) > 2u (o @) |Vl (1.9)
Since function (1. 8) does not increase in [(, T, the inequality

T
V@) —VO)+ [ 26 6E)V (@) +8(x)1dr <0
t

is valid. This, with condition (1. 9) shows that for £ €= (T, T) we have V(T)<V (1) .
However the assumption that V (T) = O implies that V (£) > 0 for ¢t & (T, T).
This contradicts the previous assumption that for t = |0, T) wehave V (1) <7 0.
The validity of inequality V (T) < O is thus proved. Hence for all ¢ >> 0 we have
V () < 0 and, as previously shown, the estimate (1, 6) holds for all ¢ >> 0.

2. The working of a system of two synchronous machines with stator windings of zero
active resistance and a purely reactive quadruple connecting them is defined by equations
of the form [6]

ds d o4 -

=5 = E, —-a% = — a1§ e e {d{,{xs Sin Gy — (2.1
(ets -+ 1) (otg -+ 1) Sin (S -4~ Gp)]
diy die

dy —= - 0g €08 (S - o) 5 = %q (%6 + 12) E 8in (6 -1 Gp) — otaiy

dé di . . )
%7?' -+ 014 c08 (5 - Go) *gf = oy (dg -+ 1) E sin (o -+ 6p) — gl

on the assumption that the damping moments of rotors of both machines are proportional
to slip and to their moments of inertia, In these equations o, @,, . .., oy are some
positive constants and the number ¢, & [0, Y/,n]. We further assume that o053 >
a,?. Note that the last inequality is always satisfied in the case of systems with a non-
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branching transmission [6].
Let us consider some nontrivial solution o (), & (£), & (¢) and i, (£) of system (2. 1)
by applying to it Theorem 1. For this we define functions W (t) and f (o) as follows:

W (1) = a8 (8)2 + Yataly (2)° + Yaasly (8)® +
oy cos (0 (£) + 0g) iy () iy (2)
f (0) = a0, [sin (0 + 0y) — sin 6]

The inequality ago3 > @,® and the nontriviality of the considered solution directly

imply that Condition (2) of the theorem is satisfied,
It will be readily seen that

W (1) = —a; (i (1)) — o (i3 (1))* — F (0 (8)) & (&) — o448 (3)°
Hence, if the numbers A > 0 and & > 0 satisfy the relationships
a7 — Ay >0, o — Aag >0 (2.2)
ag (@ — A) > 8, (a7 — May)(@s — Awg) > AMa,?

the inequality

W @) +2AaW @)+ @@ +eE@ <0
is also satisfied and, consequently, Condition (3) of Theorem 1, where # (0) =2 and
v(0) = e ,is valid, Thus, if positive numbers A and & such that inequalities (2. 2) are
satisfied and all solutions of the second order equation

8" 4 21 ER 0"+ ogoqe [sin (8 + 0,) — sin gp] =0 (2.3)

are bounded in the interval (0, 4 oo) can be found, then all conditions of Theorem 1
are satisfied, and consequently o (t) is bounded in the interval (0, +-oo).
Setting

Qg0g - Olg0ly — V (208 — o37)2 4 4a7aaa42

2 (o2og — a4"")

L [Pl —he) 2oy
e=oay(a,—A), I'= 0.254,%, 2k >

and using the Bohm~Hayes theorem [7— 10], we finally obtain that when

. 2
(sin ) <££Tc (2.9
then function o (f) is bounded in the interval (0, + oo).

Using the Liapunov type function derived in [6] it can be readily shown that system
(2.1) is monostable [11,12] and that functions & (), i; () and i, (£) are bounded in the
interval (0, -4 oo). Hence, if inequality (2. 4) is satisfied, any solution of system (2. 1)
tends for t— 400 to a certain equilibrium state and, consequently, either a dynamic
or a resulting stability obtains for the considered power system under any operational
conditions,

X(,z

8. Dynamics of a typical autonomous system of APFC are defined by equations of
the form .
z = Az + by (0), o = c*z 4 po (0) (3.2
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where A is the Hurwitz constant of an (n X n )-matrix, b and ¢ are constant n-vec-
tors, p is a number, and @ (o) is a 2s~periodic function,

We introduce in the analysis function y (p) = c* (4 — pI)™! b, where p is a com-
plex number.

Theorem 3. Letus assume that function y (p) is nondegenerate [13] and that
there exists numbers ¢ > 0, A >> 0 and p such that the following conditions are satis-
fied;

1) function @ (0) (1 4 pg' (o)) satisfies condition A and the inequality 1 +
pe’ (0) 5= 0 holds for all 6 = (— o0, + o0);
2) pph+Rey (o —2) —p—e|yg(ie—A—p[2>0,
Vo >0
3) matrix A + Al is a Hurwitz matrix, and
4) all solutions O (f) of the second order equation

0" + 2/ 2e 0 + ¢ (B)(1 + po’ (8) =0

are bounded in the interval (0, - oo).

Then any solution of system (3. 1) is bounded in the interval (0, -+ oo).

Proof, It follows from Condition (2) of Theorem 3 by the Iakubovich-Kalman lem-
ma [13] that there exists such constant ( n X n )-matrix H = H*such that for all z &
R™ and E € (— o0, + o) the inequality

20 H [(A -+ M) - bE] — pAE? -+ € (c*z - pE) - & (c*z + pE)* <O (3.2)
is satisfied. For £ = 0 inequality (3, 2) assumes the form
2z*H (A + M) z < — & (c*a)?

which by Lemma 1 [14] together with the nondegeneracy of x (p) and the Hurwitz pro-
perties of matrix A - AJ yields the inequality H > 0.
We introduce in the analysis functions
W (t) = z ()* Hz (t) — 1/2pg (s (1))2
f(s) =@ () (14 po’ (v)
where =z (¢) and o () are some nontrivial solutions of system (3. 1), It follows imme-~
diately from the positive definiteness of matrix H, the nontriviality of the considered
solution of system (3, 1), and from the inequality 1 -+ pg’ (6) == 0 that Condition (2) of
Theorem 1 is satisfied.
The inequality (3, 2) yields the estimate

W ()4 2AW () 4 e (5 (O + F (G () () <O, Ve>0

Thus for u (5) = » and v () = ¢ Condition (3) of Theorem 1 is satisfied and Condition
(4) of Theorem 3 coincides with Condition (1) of Theorem 1.

Since all. conditions of Theorem 1 are satisfied, the solution ¢ (z) of system (3. 1) is
bounded in the interval (0, -+ oo). Boundedness of solution z (¢) follows from the Hur-
witz properties of matrix 4 and from the boundedness of function ¢ (s).

4, If the transfer function of the low-pass filter is a regular fractional-rational func-
tion, and some perturbation is present at its input, the equations of a typical system of
APFC are of the form
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2 =Az+ blo (6) + g ()], o =c*z (4.2)

where A’ is a constant ( n X n )-matrix, & and ¢ are constant n-vectors, and @ (0)
and g (f) are continuous functions, Function @ (0} is 2mw~periodic, We also assume that

ar
gn<0, V>0 [(e)ds<0
0

Theorem 4. Let function y, (p) = ¢* (4 — pI)™'b be nondegenerate, c*b< 0,
and let there exist a number A > 0 such that the following conditions are satisfied:
1) Rey(io —2) <0, Vo>0;:
2) lim w*Re g (o — A) < 0

W—00
3) matrix A + AJ has one positive eigenvalue and (n — 1) eigenvalues with
negative real parts, and
4} the second order equation

8" + 1/-.;17, A 4 (0) =0
has a solution @ (#) that is unbounded in the interval (0, -+ oo) . Then system (4, 1)
has an unbounded solution in the interval (0, - oo)
Proof. It follows from Conditions (1)—(3) of Theorem 4 and the Iakubovich~-Kalman
lemma that there exists a number 6 > 0 and a constant ( nxn )-matrix H = H* yith
one negative and (n — 1) positive eigenvalues such that for all z = R and £ & (— oo,

+ o) 204 H [(A + AI) 2+ bE] —c*a < — B (c*a) (4.2)

It follows from inequality (4, 2) that 2Hb = ¢. Hence

cc* H-lec* c*H~1¢
det (H"‘"Ec*—b) == det H det (I———zc-*—b“-) =det H (1—"*‘2*5,T) =

This relationship and the fact that H has one and only one negative eigenvalue and
det H == 0 yields the inequality H — (2¢*b)~%¢c* > 0. From which it immediately fol-
lows that Condition (3) of Theorem 2 is satisfied, if W (z) = z (1)*Hz (1), v (6) =
— (2¢*b)~1, and =z (¢) is some solution of system (4, 1).

Let us now assume that f{c) = @ (), ¢ (8) = ¢ (5 (&)) — 85" (&) + g (1), and ¢ () issome
solution of system (4. 1). Then from inequality (4. 2) we obtain

WO+ 2aW (@ <@ (8, Vixo0
from which it follows that for  (s) == A Condition (5) of Theorem 2 is satisfied, The
presence of function F {s) in Conditions (1) and (2) of Theorem 2 follows from Condi-
tion (4) of Theorem 4 [7].
Hence, if the inequalities

c*z (0) >0, =z (0)*Hz (0) << —Y2 F (s (O)) (4.3)

are satisfied for solution z (z) and ¢ (z) , that solution is unbounded in the interval (0,
=+ oo0). It is clear from the conditions for the spectrum of matrix H that there exists
vector = (0} and number ¢ (0) that satisfy inequatities (4, 3).
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